Lecture 1C;
Induction

UC Berkeley EECS 70
Summer 2022
Tarang Srivastava

UC Berkeley EECS 70 - Tarang Srivastava Lecture 1C - Slide 1



Announcements! ‘
MUpwr  lgcdore will be vp
e Lecture is posted under “Media Gallery” in bCourses

e HW1and Vitamin 1 have been released, due Today (grace period Friday)

q/aes\-.,‘o/l &

UC Berkeley EECS 70 - Tarang Srivastava Lecture 1C - Slide 2



What is induction?

Goal in induction is to prove some statement for all natural (Vn € N), P(n)
numbers

Principle of Induction

e Base Case: Prove P(0)
e Inductive Hypothesis: Assume P(n) '] s g¢

e Inductive Step: Prove P(n) = P(n+1) Conet &
Dueck froot- P =
/]
Assg»e > QA
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Visual Analogy F(s)

Prove all the dominos fall down Se w f
e P(0) = “First domino falls” Base Case
o E(E)‘é P(k+15}k@w10 falls implies that k+1st domino falls Tp dvobic. Sy
aZaly

"fr €
Even if yo# had infinité dominos lined up, this method would prove all of them

will fall down (More on this Week 4).
Oovnta il ~
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. . Sose. Cose.
Simple Induction (Example 1) Trdocke. Hypas

Theorem: For all natural numbers n, 0+1+2+...+n = ﬂﬁ;—ll T rovetde € (ep
Proof:

oo+
Base Cose : n=o O = Cz_(> =0 Vv ket
Ina. &F, : ASsdu»e_ @»w‘ dowme Nz zZ ﬁ‘ 5 e Heh Ot It..+k = 2

I@J%P : Prove Heb '(2‘*” Nz kv S clam bhelds
¥ 2 ‘,.‘-(—QL*,): (K'('\\Ck—t&)

T 2 :
Kl/%— 2+ .. +ke+(eey = KOk + (e (= Kt + Atz ()02
" e~

77 - 2 = >
T Secon) eel,vavlﬂ7 hold s f*l‘ow tle.  MIuetve [":/)‘s""es‘*-‘\ . US4 Huaea
hel2s ‘47 MQoctHOA .
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Simple Induction (Example 2)

Theorem: For all n € N, 3|(n® —n)

Proof:
We WMuet o4 He Vaclable
Base Cosa @ NTO 3lo*-p - T R +0qul\] e .

Tad. Byp: v 0=k asswe  3(US~k e J st Zk,lk’:BlL

Lo Btep . We wish Yo Shos ok fon yops Get (¥ —et)
(yxtl)3-0(_—\l)= 2p peMN e e

K3+ AT 130 | — (et1) = 3p
K> =l + 34> & sl 47>T = 3p
39, + 34T + 34 From He M. hvyp.

5(gt M +w) - 3p by Jet. K folaes —H«b s
& M p= g Pk Goe (3—Gerr ) 57 29 7T g
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Simple Induction (Example 3)

2
Theorem: Any map formed by dividing the plain into regic;ns by drawing
straight lines can be properly colored with two colors
Proof: We Wil Mck on 4w aows~ of- Res. Lot A ok e

Bﬁ%/&‘a_}&: r=o Coler e pldle f)(nM ore colen ']—
Tk My For n=ke kS assme A~ 65 Hwo colovodle '

Tnk Sep: Consior on a/*b,‘\iﬂvry winp with kel bnes
TV, ok one 1Me -I’l«om +tz e, 5'\/ M. hyr, s
v hap with & es I8 4w colong Ve | Hon, Pp)
boccle e (Mg HeA wag tewoed Al P(ip all He cda
DA o Sidk  of He (.

By cowtvetivs il Ho 1‘9(’@3 a)jocw& Jo N [\ #et 5
212> L e oS, T, «:_mg;o, e wp fob R

S coNe tolaed Ly hyp- TV was Flipr, +$ tlso dao ctlod l/;y ousyy Suce
ve ﬁ?;*‘ chrod 7\—9\ Loty S 17 )
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Improving Induction Hypothesis (Example 1)

l(s;_)_!e_/\ J ] l ~
Theorent. The sum of the first n odd numbers is a perfect square r=
Improved: Tl-Qum of te Sk (n o) fowss IS 2 1€ S . 2%
Proof:

' - R

Bose loge W | = 2 I+ 3+ s = 3

43 ¢S+~ I o

LMF Ass e K ¥ se- t (2/4_—1) - k% .

——~——
2025 [43% - - (2~ = ko

Tnd Step:  isin 4o skow ° @

z ~
e 3 €5+ (o) + Grr() = (en )® KE+ ety = ()
L——/\\ _~
\
e a4 by b
(e + | ¥ . <

S ﬁ
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Improving Induction Hypothesis (Example 2)

noleg
Theorem: For all n > 1 Z 5 <2

Improved:
Proof:
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What is Strong Induction? geel -
Principle of Strong Induction W P

e Base Case: Prove P(0)
e Inductive Hypothesis: Assume P(0) and P(1) and ... and P(n)
e Inductive Step: Prove P(0) and ... and P(n) = P(n+1)

plo) N PLO N, A PCrY =>  PLatl)

8‘\'*”0%]0 Mo+ ) S J'mﬁued Lfy WL | 1 Ju=tion

UC Berkeley EECS 70 - Tarang Srivastava

Lecture 1C - Slide 10



Strong Induction (Example 1) Pve. Loctarizoction

Theorem: Every natural number greater than 1 can be written as a product of one or more primes
Proof:

Base Case_. n=2 . 2 > peine So /R ’(}m Locloizdon s 7'3“6*2
L. Wyp:  Assame  pleam  Lolds for Al Lz

Ird .Sl—e!='. led =i

Case | ' W+ )S fm\n& . We s deve .

Cose 2: wtl s Composite. Terjar, J,pem, ktl =a-)
Sice K« ( 21 P [a,p Lkq T, L7 He . hp. & as b con
be wdln as o prodocr 0@ plimes  TUOS, Ktl o be jonflen 5>
A ‘,maaca- oft a ad bS YA

a
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Strong Induction with Multiple Base Cases (Example 2)

Theorem: For every natural number n > 12, it holds that n = 4z + 5y for some
z,y €N

ok 2 CAT

roofr:

Bose Cosed =) [2= U[3)+S(> 902.3/7,_—_0 _
|22 = Y(2) v+ S(o)

(> = m S(¢) ‘

lu =~ 4 =+ 35(2)

Is = Ylo) + S(3)

T Wp: Asswe  clum LoZ for sl 122 wek
:x:n.L&'{-ef= Ne=ickl = 14 . -rm./Qc_-eIS-'b)alz
By e Mo, Wy (Re)-Yy = U +5¢! S
It = Unledg! = 4O+ 451 S, e
e o seb ve=xltl aa ys o
= J
b= dre +5y
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K= Ux +S
Yoty St

el = Yo .(.g:,\

6= (X Sa
U <<y
09 +5,
L{)v._-lrgj ‘f"/

YV,
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Why ever use weak induction?
Weak Induction = Strong Induction
If you wanted to you could always use strong induction

It is nicer to only use weak induction if strong induction is not needed.

L& Coste- T e roxder

[@osim Lo CovtcM mis teleos
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_ o JuesS >3
Well-Ordering Principle S< ™« S#%% N

The Well-Ordering Principle states that for any non-empty subset of the natural numbers there will

be a least element. .
s o pove fockeized m
Theorem: Every natural number greater than 1 can be written as a product of one or more primes

Proof using WOP: '
LetA s be R sd 4 Vidoral Avwbws Yot camney be wrH a5 o

produets of= pCimas. Assowe feur contadickiog Heh S s o ewphy.

By WoP, S lLes a Iemgweietxmwé—mnu s

Olﬂ«w‘ly/ W Is  umox fc*imQ,/ﬁSo/ we- (CaN w(‘:"’*& Mzerb A,/Iléﬂ‘(,
I+ Sollws ot A 20 b pesAt lLove o prime. foatori 2,
Ntook loss of jof‘o-‘*'"ﬁ‘:/ (_WCO&) 2y o el Lo ownitn As & poadick
6€ priwes. Noki® ) suce  N>( jzazcn . TS 5 a comtedide~
becowse UK A ES bk o S4d w s He lawy elose]
TS 5 i3 emply au Yo Leths . ) °
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Summary

Simple Induction
o P(0) and show P(n) = P(n+1)
Multiple Base Cases
o You may need multiple base cases to prove a statement

Improve the Inductive Hypothesis

o Sometimes proving a “stronger” statement is easier
Strong Induction

o P(0) and show P(0) and ... and P(n) = P(n+1)
Well Ordering Principle

o For any subset of the naturals there is a least element
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