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Announcements!
● Lecture is posted under “Media Gallery” in bCourses

● HW 1 and Vitamin 1  have been released, due Today (grace period Friday)
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~4pm lecture will be up

qoestion 9



What is induction?
Goal in induction is to prove some statement for all natural 
numbers

Principle of Induction

● Base Case: Prove P(0)
● Inductive Hypothesis: Assume P(n)
● Inductive Step: Prove P(n) ⇒ P(n+1)
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Direct Proof P⇒On
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Visual Analogy
Prove all the dominos fall down

● P(0) = “First domino falls”
● P(k) ⇒ P(k+1) “kth domino falls implies that k+1st domino falls”

Even if you had infinite dominos lined up, this method would prove all of them 
will fall down (More on this Week 4).  
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Simple Induction (Example 1)
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Base Case

Inductive Hypothesis
Inductive Step

Base.ca#:n=o 0 = 0¥ > = o ✓
Ind . Hyp . : Assume for some n=k≥o it is true that

◦+ It . . . -1K = KK¥

Indisep : Prove that for rn = KH theclaim holds

I -1 2 + .
. . -1 @+ 1) = @+ 1)Cut2)

2 .

Klute)
+ (KH) =
g-

+ let =

K2-1K -12k-12
=

(KHJCK-12J
2 2

The second equalityPoldi from the inductive hypothesis . Thos, the theorem
holds by induction .



Simple Induction (Example 2)
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We induct on the variable u

BaseC→e : a- 0 3103-0 . This is trivially tree .

Indyp : For n=k assume 31k}- k i.e
. 7g St . = 3g

Itep .

-

.
We wish to show that for n=k -11 316+133-4-11)

let / 13 _ (Rtl ) = 3p PEN

is -1 3h2 -13K + I - Get 1) = 3 p
he
}
-k + 3h2 + 3k# = 3 p

3g + 342+34 From the v0. hyp ,

3(9÷ ) = 3p by Def . it follows that

Ceti 13-6-11 , is divisible BY ☐
p = q+UZtk



Simple Induction (Example 3)
Theorem: Any map formed by dividing the plain into regions by drawing 
straight lines can be properly colored with two colors
Proof:
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• ka%HEg•%:•azBT••£Baoq
We will induct on the rouser of lies. Lot n # of 465

Boisecase : u=o color the whole plan one colonMMGMLJ-EEGEB.BE#fgT-nd-hYp
: For n=u lines assure it is two colorable ¥-0858BN

Ind#p : consider an arbitrary map with ktl lines
.

Tier, remove one lire from the map . By iv. hyp . this
new map with K lies is two colorable

. They add
back the lie that was removed and flip all tee colors

on one side of the lie .

By constructions all the regions adjacent to tee lie that was
added true different colors .

TM
,
the region that was not flipped

is correct
'colored by hyp- That was flipped, is also two colored by hypothesis since

we just changed the labelYS .



Improving Induction Hypothesis (Example 1)
Theorem: The sum of the first n odd numbers is a perfect square
Improved:
Proof: 
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"

strengthen " l r =p

The sum of the first hood honkers is U2 Its
'

= 22

BEER he 1 = 12 ✓ 11-3-15
'

= 32

It 3-15-12
'

= 42

Ind#Yp : Assure It 3+5-1 .
_ + Ga -1) = U2 i.

¥57k n=k

odds 1+3-1 - . - +(2k- I] = AZ
Indstep : wish to show

1-13-15 -1 .

.
.
+(2k- 1) + Cruel ) = Ceti R R2 -12

= Calf

7-
K2 +24+1 by hyp .

( te -1 If =
✓

☐



Improving Induction Hypothesis (Example 2)
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notes :



What is Strong Induction?
Principle of Strong Induction

● Base Case: Prove P(0)
● Inductive Hypothesis: Assume P(0) and P(1) and … and P(n)
● Inductive Step: Prove P(0) and … and P(n) ⇒ P(n+1)
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⇔ :

Hu pay

plot A PCD r
. . . A Pcn) ⇒ Pcr -11 )

strong indiction is implied by weak induction



Strong Induction (Example 1)
Theorem: Every natural number greater than 1 can be written as a product of one or more primes
Proof: 
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prime factorization

Base Case : n=z . 2 is prime so its prime factorization is just 2
Ind . Hyp : Assume claim holds for all I < n ≤ K

Ind -Step : let n=Kti
Cases : Rtl is prime .

We are done .

Caza : Rtl is composite . Therefore, Fasb C- IN
,
Atl =a•b

since µ -11 > I ⇒ Kasbah
.

Then
, by the Ind . hyp . a au b can

be written as a prodOct of primes .

Thus
,

¥-11 can be written as

a product of a ad b 's primes
.

3



Strong Induction with Multiple Base Cases (Example 2)
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CRT a- 12 ~

Baselios n=l2 12=413 ) -1510> ze=3,y=o ✓

K= 4N -15
]

HERA)t5dYtD
Kel = 4sec' -15g '13 = 4¥ SLC)

<÷ : :: :::]
IS = 410) 1- SCS) 16 __ 12 t.CI

-
-

Ind#Yp : Assure claim holds µ all
'⇐ n.tk

42+5,

T-nd-stepin-n.net ≥ 16
.

Then
,
@+ 1) -4 ≥ 12

4th-14+5
By the Nid . hyp . = Use' -15g

' for some Hy'Ek4 • ]

Ktl = 4N ' -15g
' -14 = 46 ' -11) +Syl .

So
,
then 42+59+4

we can set 2e=se
' -11 and ye yl ☐

HUD-4 ,
kill = Use -15g



Why ever use weak induction? 
Weak Induction ⇒ Strong Induction

If you wanted to you could always use strong induction

It is nicer to only use weak induction if strong induction is not needed. 
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Lites easier for the reader

L easier to catch mistakes



Well-Ordering Principle
The Well-Ordering Principle states that for any non-empty subset of the natural numbers there will 
be a least element. 

Theorem: Every natural number greater than 1 can be written as a product of one or more primes
Proof using WOP: 
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S C- IN ad S =/ { 3
In c- S sit

Hurts u≤ m

was a price factorization

Let s be the set of natural numbers that cannot be written as a

product of primes . Assume for contradiction that S is not empty .

By WOP , s has a least element n .

Cleanly, n is not prime ,g%
't n°00 not be ins
we can write n = a .ba/bEN

.

It follows that a ar b doesn't have a prime factorization .
Without loss of generality CWLOG) say a can't be written as a product
of primes . Notice , since n > I / <a < n

.
This is a contradiction

because then a c- S
,
but we said u is the least element

TWS , s is empty and thorn holds . ☐



Summary
● Simple Induction

○ P(0) and show P(n) ⇒ P(n+1) 
● Multiple Base Cases

○ You may need multiple base cases to prove a statement
● Improve the Inductive Hypothesis

○ Sometimes proving a “stronger” statement is easier
● Strong Induction

○ P(0)  and show P(0) and … and P(n) ⇒ P(n+1)
● Well Ordering Principle

○ For any subset of the naturals there is a least element
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